REDUCED-FORM MECHANISM DESIGN AND EX POST FAIRNESS
CONSTRAINTS

E. YANG

ABSTRACT. This paper incorporates fairness constraints into the classic single-unit reduced-form
implementation problem (Border}|1991}/2007;|Che, Kim, & Mierendorff, |2013; Manelli & Vincent),
2010) with two agents. To do so, I use a new approach that utilizes the results from [Kellerer
(1961) and |Gutmann, Kemperman, Reeds, and Shepp| (1991). Under realistic assumptions on
the constraints, the conditions are transparent and can be verified in polynomial time.

1. INTRODUCTION

The traditional objectives of mechanism design include aggregate welfare maximization, profit
maximization, and budget balance. However, it can be desirable to add some fairness constraints
to this list, as well. In allocation mechanisms with money, fairness constraints restrict ex post
allocations, and they may be carried out even if they undermine aggregate welfare maximization,
profit maximization, or budget balance[] For example, many government procurement and allo-
cation programs are required by law to favor small businesses (Pai & Vohra, 2012)). In spectrum
auctions, sellers may set allocation guarantees to prevent bidders with low bids from starvation
and thus prevent them from dropping out of future auctions (Wu, Zhong, & Chen, [2014). Fair-
ness constraints can also induce less variation in payments, which is desirable when agents have
budget constraints (Sinha & Anastasopoulos|, [2017)).

In this paper, I study the two-agent feasible reduced-form problem when ex post allocation
probabilities have type-contingent fairness constraints. My results can be used to study single
item allocation problems, such as ex post welfare maximizing auctions with two buyers.

1.1. Feasible Reduced-Form Problem. A selling mechanism allocates goods via money trans-
fer. For example, an indivisible item is often awarded to the highest bidder in a single-unit
auction. When the bidders have private values, the ex post allocation rule to n bidders is the
joint winning probability ¢ = (g1, .., ¢n) given the type profile, t = (1, ..,t,), such that

n
G(t)>0,i=1,..,n, Y g(t) <L
j=1

From prior work, such as that done by Myerson (1981]), we understand that a Bayesian Nash
equilibrium for quasi-linear utility bidders can be completely specified with the reduced form,
which is a vector Q@ = (Q1, ..., Qy) of the interim allocations:

Qz(tz) = Et_i(qi(t)),i = 1, ey N
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When money transfer is restricted, randomization is often used to guarantee ex ante fairness. So, for example,
suppose a mother has a treat to give to only one of her two children, and she is indifferent as to which child
gets the treat. She likely prefers a lottery that gives each child an equal probability of receiving the treat over a
deterministic allocation to either child (see [Machinal [1989). In practice, random serial dictatorship (Hylland &
Zeckhauser}, |1979) and the probabilistic serial procedure (Bogomolnaia & Moulin, |2001)) are examples of ex ante fair
assignment mechanisms. Additionally, [Budish, Che, Kojima, and Milgrom| (2013)) discussed the implementation
of a multiunit stochastic mechanism with integer capacity constraints and quotas by lotteries.
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Interim allocations have much smaller dimensions than ex post allocations, so a reduced form is
useful in mechanism design problems. However, a reduced form is implementable (or equivalently,
is feasible) if and only if there exists a corresponding ex post allocation rule.

Maskin and Riley| (1984) first discussed and proved a special case of the feasible reduced-form
problem in optimal selling mechanisms. Moreover, Matthews| (1984]) first proposed a conjecture
on feasible reduced-form auctions: suppose all n agents draw their valuations (types) from the
same type space, T. A symmetric interim allocation @ : T — [0,1] is implementable with
gi : T™ — [0, 1] if and only if for every Borel set A C T,

n

(1.1) n/AQ(:c)dF(a;) <1- [/T\AdF(x)

Border| (1991) first proved conjecture for symmetric auctions in a single-unit environment.
Later, [Border| (2007)) revisited this problem and generalized for asymmetric auctions in finite
type spaces. Mierendorff] (2011) then extended Border[s (1991) proof to asymmetric auctions.
Later, Hart and Reny (2015) showed that the symmetric Border’s theorem is equivalent to a
second-order stochastic dominance condition with reference to an “efficient auction.”

A fruitful method to generalize Border’s theorem is to formulate the feasible reduced-form
problem as a feasible circulation flow problem. |Che et al. (2013)) first used the circulation flow
approach to study the reduced-form problem in multiunit auctions in which there are paramodular
set constraints on the ex post allocation for any buyer subgroupsH Later, Li (2019) formulated
a related circulation flow problem, providing the existence condition for the single-unit feasible
reduced-form problem where the sum of ex post allocations across agents has a symmetric type-
contingent lower boundﬁ

A related body of literature has focused on the equivalence of Bayesian and dominant strategy
incentive compatibility (BIC-DIC equivalence). By generalizing the geometric technique found
in [Border| (1991)), [Manelli and Vincent| (2010) proved that in the environment of single-unit,
one-dimensional continuous private values and with linear utility, given any Bayesian incentive
compatible (BIC) mechanism, there is a dominant strategy incentiev compatible (DIC) ex post
allocation with the same interim allocation. |Gershkov, Goeree, Kushnir, Moldovanu, and Shi
(2013) proved a different notion of BIC-DIC equivalence in social choice settings by showing
that a DIC ex post allocation is one with the smallest weighted Euclidean norm among all ex
post allocations associated with the same BIC mechanism. Kushnir and Liu (2019) further
extended this BIC-DIC equivalence result to nonlinear utilities to accommodate applications in
principal-agent models.

1.2. Contributions to the Literature. The present paper investigates the feasible reduced-
form problem for n = 2 when the ex post allocations are constrained by bounded integrable
functions that depend on both agent types (see Theorems and , interpreted as fairness
constraints. Corollary [2.3] imposes realistic conditions on the constraints, making the conditions
verifiable in polynomial time. Example [1]| illustrates such a contribution.

Example 1. Suppose two agents have interim allocations

y, x,y€l0,1].

2Che et al. (2013) investigated the feasible circulation flow problem where the demand nodes are the interim
allocations and the supply nodes are the ex post allocations. The paramodular constraints on the ex post allocations
are incorporated into the flow capacity constraints from the supply nodes. The researchers drew upon a result
from [Hassin| (1982) regarding the existence of feasible circulation flow with paramodular constraints to obtain
the corresponding existence condition for ex post allocations. The paramodular constraints studied by |Che et al.
(2013) can be examined using polymatroid optimization, which is solvable using a greedy procedure (see [Vohral
2011} in particular the discussion in section 6.2).

9In her formulation, the demand node are the pairs (t;,i) € (T, ), and the supply nodes are vectors t € T™,
where the set of agents I = {1,...,n} share the same type space, T. The flow capacity from a supply node is a
symmetric type-contingent function, p(t). In the formulation, the constraints on the flow capacities in the network
are also paramodular. |Li| (2019) obtained the existence condition of the reduced-form problem in which the sum
of the symmetric ex post allocation is lower-bounded by p(t).
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The types are uniformly distributed. We then ask whether there is an ex post allocation that
satisfies 1 — ga(x,y) < q(x,y) < g1(x,9), 1 — g1(@,y) < @2(x,y) < g2(x,y) for arbitrary g1, g2 :
[0,1]% — [0, 1].

When g1 = g2 = 1, the existing literature (e.g. Border, [2007; |Che et all 2013} Manelli &
Vincent,, 2010) suggests that the answer is positive. However, the existing studies provide no
answer for when g1, go € L([0, 1]?).

By Corollary the answer is negative when g; = y, g2 = 3. However, the answer is positive
when

(12) yt/4 0.25 <y < 1. 0.25 <z <1.
Furthermore, Corollary suggests that there is a DIC ex post allocation.

More generally, we solve Problem in a nonatomic probability space ([0,1]%,B, 1 x u2)
(Theorem . When types are uniformly distributed, we solve Problem with incentive
compatibility constraints (Theorem and Corollary . We then extend Corollary to
some special cases when the item is not necessarily sold (Corollaries and [2.5).

Theorem cannot be obtained from Theorem combined with the incentive compatibility
results found in [Manelli and Vincent, (2010), since the equivalence results do not apply to cases
with type-contingent bounds. Nevertheless, when g; = g2 = 1, our results become special cases
of the existing results. For example, when g = go = 1, Theorem follows from |[Che et al.
(2013), Corollary 6). By combining Corollary 6 in |Che et al. (2013) with Theorem 2 in Manelli
and Vincent| (2010) and setting n = 2, we obtain Theorem with g1 = g2 = 1.

To prove the main results of Theorem and Theorem I reduce the problems to ones that
are solvable by Lemma and respectively. Although Lemma follows from Theorem 4
and 7 in |Gutmann et al. (1991)), Gutmann et al.’s Theorem 4 relies on a result found in |[Kellerer
(1961), but without a proof for it. For completeness, I include simplified proofs of the relevant
results from Kellerer| (1961) and |Gutmann et al.| (1991)) in the present paperﬂ

The remainder of this paper is structured as follows. Section 2 provides the main implemen-
tation results and their corollaries. Section 3 proves Theorems and based on Lemmas [3.1
and respectively, and also proves Corollary Section 4 proves Lemma [3.1] Finally, section
5 proves Lemma [3.2]

{y1/5 +0.25  0<y<0.75 {x +0.25  0<z<0.75
g1 =

2. MAIN RESULTS

To capture the most general fairness considerations, one might contemplate ex post allocations
that are constrained by arbitrary bounded functions of both agents’ valuations.

2.1. Primitives. In what follows, we consider a selling mechanism whereby there is one indivis-
ible item to allocate to two agents. Each agent ¢ = 1,2 has a private value on [0, 1] distributed
according to a nonatomic probability measure, u;. The joint type space [0,1]? is endowed with
the product measure p1 X po.

The agents’ interim allocations are given as @1 : [0,1] — [0,1] and Q2 : [0,1] — [0, 1], where
fol Q1dp + fol Qa2dpe < 1. We are interested in determining whether ()1, Q2 can be implemented
by ex post allocations g1, ¢z : [0, 1]> — [0, 1], constrained by any pair of type-contingent floor and
ceiling constraints

(21) ll(x7y) < QI(xvy) Sgl(xay)) T,y € [0’ 1]27i: 172>
where g;,1; : [0,1]2 — [0, 1] are arbitrary integrable functions.

4Lemmas and are related to the results from the classic question regarding the existence of a zero-one
matrix with given marginals, which is a special case of the integral version of the supply-demand theorem discussed
by |Gale| (1957)). Theorem 2.2 in Brualdi| (1980) (see also Mirsky, [1968)) is a similar form as Lemma in this
paper. However, Theorem 2.2 in |Brualdi| (1980) is stated for the integral components, while here, Lemma is
stated for any real numbers. Integers imply a corresponding result with rational components; perhaps one can
also get arbitrary real numbers, but this does not seem to follow immediately (especially because — since there
are many equalities in the assumption of the theorem — one needs to carefully approximate real numbers using
rational ones to keep the constraints in the same direction).
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2.1.1. Mazimal Auctions. In the main theorems, we consider the following case:
(2.2) @ (z,y) + @(z,y) =1 Vo,y€0,1].

Suppose the seller maximizes the following utilitarian welfare function where the two agents are
given equal weights:

$Q1(‘T’ y) + yQ2($7 y)’ (CC, y) € [07 1]2'
The seller does not care about budget balance, and thus, she can always arrange an individual
rational money transfer. In this case, g1 + g2 = 1 holds for all direct mechanisms that are
incentive compatible and individual rationalﬂ Following |[Hart and Reny| (2015)), an auction where
q1 + g2 = 1 is called a mazimal auction. We consider nonmaximal auctions (0 < g1 +¢g2 < 1) in

Corollaries 2.4] and 2.5

2.1.2. Ex Post Constraints. We require that
(23) ll(xay) = 1_92(x7y)7 l2($7y) = l_gl(m7y)

for all (z,y) € [0,1]%

is necessary because we cannot rule out the case ¢;(x,y) = l;(x,y) or ¢i(z,y) = gi(z,y),
i = 1,2 in our solutions to the problems posed. Suppose li(z,y) < 1 — ga(z,y) for some (x,y) €
0,1]. Then, when qi(z,y) = lL(z,y),q(z,y) + @2(z,y) < 1 = ga(z,y) + ga(x,y) = 1, this
would contradict (2.2). Suppose l1(z,y) > 1 — go(z,y) for some (z,y) € [0,1]2. Then, when

q1($,y) = ll(x7y)7QQ(xay) = gZ(xvy)a QI('rvy) + q2($7y) > 17 this would also contradict '
Therefore, 1 =1 — go. Similarly, lo =1 — g1.

Finally, by 0 < li(z,y) < g1(x,y) <1 and 0 < ly(z,y) < ga(z,y) <1 for all (z,y) € [0,1]?, we
have 0 <1-g2<g1<land0<1-g; <g2<1,s0

91(z,y) + g2z, y) > 1 ¥(zx,y) € [0,1]%
2.2. Main Results.

Problem 2.1. One is given two arbitrary, measurable functions Q1,Q2 : [0,1] — [0,1]. The goal
is to obtain the necessary and sufficient assumptions for Q1 and Qs that would guarantee the
existence of the measurable functions qi,qs defined on [0, 1] x [0, 1] with the following properties:

i) [y qu(@, )dpa(t) = Qi(x), and [y ga(s,y)dpa(s) = Qa(y) for a.e. z,y € [0,1];
(il) q1(x,y) + q2(x,y) =1 for a.e. z,y € [0,1];
(iil) 1—go(z,y) < qi(z,y) < g1(z,y), and 1—g1(z,y) < g2z, y) < g2(x,y), where 0 < g1, g2 <
Land g1+ g2 > 1, g1,92 € L([0,1]%, 1 x p2) are given.

Theorem [2.1] completely solves Problem
Theorem 2.1. The pair (q1,q2) that satisfies Problem exists if and only if

(2.4) / Q1dp +/ Q2dp2 =1,

and

(2.5) mU // g2d(p1 X p2) / Q1dpy +/ Qadpin < // g1d(p1 X p2) + pa (V)
UxVe UxVe
holds for all U x V C [0,1]2.

Notice that (2.4) and (2.5 imply the following constraint as well:

1- // gid(p1 X p2) — pa(Ve) < / Q1dp +/ Q2dpe <1 —p1(U°) + // g2d(p1 X p2)
UexV U v UexV

The above constraint can be obtained simply by applying (2.5) to the set U x V¢ Notice
that (2.4) implies [; Qidpy + [, Qadpz + [i;c Qudpn + [,c Q2dpz = 1.

5An incentive compatible, individual rational, welfare-maximizing direct mechanism, where ¢; € {0,1},s=1,2,
is established in [Borgers and Krahmer| (2015, Proposition 3.5).



REDUCED-FORM MECHANISM DESIGN AND EX POST FAIRNESS CONSTRAINTS 5

2.3. Incentive Compatibility with Uniform Types. A mechanism is incentive compatible
if truth-telling is an equilibrium strategy. Results found in Myerson| (1981) suggests the following
definitiond

Definition. a mechanism is

(1) BIC if and only if the interim allocation is nondecreasing; while it is
(2) DIC if and only if a bidder’s ex post allocation is nondecreasing in her type.

Manelli and Vincent| (2010]) discussed the equivalence of BIC and DIC implementations with-
out considering any ex post allocation constraints. We cannot directly apply such a result to
Theorem because we do not know if the ex post allocations still satisfy the ex post fairness
constraints.

I have a characterization for incentive compatible implementations when the types are uni-

formly distributed, i.e., when u; = po = A, the Lebesgue measure. However, I have no corre-
sponding result for nonuniform types.
Problem 2.2 (Incentive Compatible Implementation). One is given two arbitrary, nondecreas-
ing, measurable functions Q1,Q2 : [0,1] — [0,1]. The goal is to obtain the necessary and sufficient
assumptions for Q1 and Qo that would guarantee the existence of the measurable functions q1, g2
defined on [0,1] x [0, 1] which satisfies conditions (i), (i), (iii) in Problem[2.1, and

(iv) The maps x — qi(x,t), and y — qa2(s,y) are nondecreasing for a.e. s,t € [0,1].

Further, puy = pa = A.

The following theorem completely solves Problem [2.2]
Theorem 2.2. The pair (q1,q2) that satisfies Problem (2.3 exists if and only if

1
(2.6) /0 (Qi+Q) =1,

and

(2.7) \U!—// QQS/Q1+/Q2S// g1+ V]
(1-U)xVe U % Ux(1=V)e

holds for all U x V C [0,1]%, where 1 —U = {zx €[0,1]: 2 =1—y,y € U}.

To further simplify the condition, we consider the case when one’s allocation upper bound
would be a nonincreasing function of the other’s type alone, and one’s allocation lower bound
would be a nondecreasing function of one’s own type alone.

Problem 2.3. Problem [2.3 with (iii) replaced by

(iit") 1 - g2(2) < qi2,y) < g1(y), and 1 — g1(y) < @2(2,y) < g2(2). 91,92 € L'([0,1]) are
given, they are nonincreasing with the properties 0 < g1,92 <1, g1 +¢g2 > 1.

Corollary 2.3. The pair (q1,q2) that satisfies Problem exists if and only if

1
(2.8) /O (Qi+Q) =1

and

s t 1 1
(2.9) / Q1+/ QQZmaX{t—(l—s)/ g1, 5—(1—t)/ g2} Vs, te€]0,1].
0 0 1—t 1—s
Conditioncan be checked quickly. The corresponding algorithm used to test condition (2.9))
for a discretized domain has polynomial complexity O(N 2n)[|

6Standard proofs can be found, for example, in Borgers and Krahmer| (2015, Propositions 3.2 and 7.2). Since
money transfer can be recovered from the corresponding incentive compatible allocations, it is omitted here in the
definition of an incentive compatible mechanism. See also [Manelli and Vincent| (2010} Definition 3.1).

"In the algorithm, an NV x N grid is created, and one checks all points (s, t) on the grid. Take any point on the
grid, (s,t). Functions g1, g2, Q1, and Q2 are all one-dimensional and integrable on the compact domain [0, 1] so they
can be integrated using numerical integration methods that have polynomial time complexity O(n), with n denoting
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2.4. Nonmaximal Auctions. We provide some sufficient conditions for the generalization of
Problem 2.3] below.

Problem 2.4. Problem (2.3 with (ii) replaced by
(i) 0 < qi(@,y) + g2(x,y) < 1 for a.e. .y € [0,1].

Notice that (i) holds if and only if 0 < fol Q1+ Q2 < 1. If it happens that Q1 + Q2 < 1, then
the problem has a trivial solution: qi(z,y) = Q1(x) and ¢2(x,y) = Q2(y). (Of course, the integral
inequality fol(Ql + @2) < 1 does not necessarily mean that the integrand is, at most, 1.) This
demonstrates that if ()1, Q2 are small enough, then the problem has a trivial positive solution;
on the other hand, condition requires @1, Q2 to be large enough. Thus, maximal auctions
and nonmaximal auctions can correspond to two completely opposite scenarios. However, we can
extend Corollary [2.3] to some special cases of nonmaximal auctions.

Corollary 2.4. Pmblem 4 has a positive solution if (1) max{||Q1||oc, ||Q2]lcc} < fo Q1+ Q2),
(2) gi+1;= [} Q1+ Q20,5 =1,2,i # j, and if (3)

(2.10)

s t 1 1 1 1
[+ [ @zmup [ @+@-0-9[ o s[@+e-0-0]
holds for all s,t € [0,1].

Proof of Corollary Note that if fo Q@1+ Q2) = 0, then there is nothing to prove (i.e., taking

q1 = g2 = 0 would sufﬁce) otherwise, we can assume fo 1+Q2) = k > 0. Next, we can consider

new functions: Q1 := Q1/k and Q3 := Q2/k. By assumption (1) in the corollary, Q1, Qs : [0,1] —

[0, 1], Q1,Q> are bounded, measurable, and nondecreasing, and also fol(Ql + Q) = 1. Take

g; = gj/k,l; =1;/k,j =1,2. Assumption (2) implies that they satisfy lo =1 — g1, [1 =1 — go.
Note that condition implies

s t 1 1
[ @+ [ @zmg--9 [ a s—a-n[ @) vsrep

Therefore, applying Corollary we find functions ¢; : [0,1]? = [1 — go, d1] and G : [0,1]?

[1 — g1, go] that satisfy Problem [2.3 conditions (i), (ii), (ii’), and (iv), where Q; is replace by Q;
and g; is replaced by g; for j = 1,2. Finally, note that the new pair, ¢, g2, where ¢; := kg; for
j = 1,2, satisfy problem [2.4] condltlons (1), (it"), (iii’), and (iv). O

Example 2. Take Q1 = Oéxé,QQ = 3ay,:U y € [0,1], € (0,1]. By C’omllarym there exists
a DIC ex post allocation that satisfies 0 < q1 < 1,0 < g2 < go when

faP 1025 0<y<075  [a(@+025) 0<az<0.75
= ayt/ 0.25 <y < 1. ax 0.25 <z < 1.

Corollary 2.5. Problem has a positive solution if (1) 0 < [|Q2]lcc < 1f°f?; ,(2) L =

17f1Q1 o f f
1-— f010Q2 92,l2—10f (1—g1) g1—|—10ngg>1 andzf{ﬁ’)

oy [k @ aeg [ o[ ke
(2.11) /OQ1+/O fole Q2 > max{t — (1 s)/l_tg1, s—(1 t)/l_s f01Q2 92}

holds for all s,t € [0,1].

the number of integration points. The comparison operation to find max{t — (1 — s) fll,t g1, — (1 —1) fll,s g2}
and the comparison of the left-hand side and right-hand side of the inequality in both have complexity T'(1).
Thus, the time complexity to check the inequality in for each (s,t) on the grid is O(n). Therefore, the overall
complexity to check on the grid is O(N?n).
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1
Proof of Corollary Take k = 1f°f?; . When fol Q2 = 0, then Q2 = 0 a.e. In this case,
—JTa

q1 = 0,g2 = @2 would solve the problem. Next, consider the nontrivial case where fol Q2 > 0.
Let Qy = iQQ Then, fol Q1+ fol Q2 = 1. By assumption (1), Q2 : [0,1] — [0,1]. Take

Iy = 13, Go = 192. By assumption (2), [y =1—go,lo =1—g1.
Note that condition (2.11)) implies

S t 1 1
/0Q1+/0Q2>rnax{t—(l—s)/1_tg1, s—(r—t)/l_sg2} Ws,t € [0,1].

Therefore, applying Corollary we find functions q1, §2 : [0, 1] +— [0, 1] that satisfy Problem
conditions (i), (ii), (iii’), and (iv), where Q2 is replaced by Q. Finally, note that the new pair
q1,q2 = ko satisfy problern conditions (i), (ii’), (iii’), and (iv) O

It can easily be checked that Corollary also implies @)1, Q2, g1, g2 in Example |2 are feasible.

3. PROOF OF THEOREM [2.1, THEOREM [2.2], AND COROLLARY [2.3]

In this section, we reduce Theorem [2.I] to a problem solvable by Lemma [3.1} and we reduce
Theorem [2.2] to a problem solvable by Lemma [3.2] We show Corollary 2.3 by further simplifying
Theorem The proof of Lemma [3.1]is found in section 4, and the proof of Lemma [3.2]is found
in section 5.

First, we show that fol Q1 + Q2 = 1 is necessary and sufficient for g1 + g2 = 1 for all (z,y) €
[0,1]2. By integrating the inequality 0 < g1 + go < 1 over the domain [0, 1]?, one gets

1 1 1 1 1
/O/0((11(9079)—%(12(9079))6190652/:/0 Qr(x)dm—i—/o Qz(y)dy:/o (Q1 + Q2).

Since all functions are nonnegative, it follows that we must have

1
(3.1) /o (Q1+Q2)=1 <= ¢g+qg=1 forall (z,y)€]0, 1]2.

The same argument carries over to arbitrary nonatomic probability spaces ([0, 1]2, B([0, 1]?), p1 x
p2)-

3.1. Proof of Theorem Ste r 1: Reduction to one funct10n

By (i) and (ii) in Problem . we have the equality Q2(y) = fo @(z,y)dpi(z) = 1 —
fol qi(z,y)dpi(x). Since ¢ + g2 = 1, if we find ¢; : [0,1]? lovglla then g2 > 1 — g;. Simi-
larly, if we find go : [0,1]2 ~ [0, g2], then ¢1 > 1 — go. Thus, to satisfy Problem (iii), it is
necessary and Sufﬁc1ent to find ¢ : [0, 1)%2 = [0, 1] and g2 : [0,1]% — [0, g2].

Take Q2(y) = 1—Q2(y). Clearly, Qs : [0,1] +— [0, 1] is bounded and measurable. The condition
fol Q1dpy + fol Q2dpo = 1 holds if and only if fol Q1dpy = fol Qodpo. Therefore, to find the pair
(q1,q2) is the equivalent of finding the pair f! :[0,1] +— [0, g1], f2 :— [0, g2], such that

(3.2) /Of1<x,y>duz y)= Q1= fl(x /f (. 9)dpa(x) = 1 — Qaly) = fA()

for a.e. x,y € [0,1]. All that is known about the functions fi, f3 : [0,1] ~ [0,1] is that they

are measurable with f fi= f fa. Clearly, if such an f! exists, then ¢i(z,y) = f(z,y) and
¢2(z,y) = 1 — f(x,y) solves Problem [2.1} and conversely, if Problem [2.1] has a solution, then

f(x,y) = qi(z,y) solves (3.2).
Applying the same argument, finding the required g2 : [0,1]2 — [0, g2] is the equivalent of

finding f2, such that

(3.3) /fzwyduz()—l—Ql( /f%cydm ) = Qo = f2(y)

for a.e. z,y € [0,1].
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Step 2: Derive using Lemma Take f1, fo : [0,1] — [0,1], where fi, fo are
measurable in the spaces ([0, 1], B([0,1]), x1) and ([0, 1], B([0,1]), pu2), respectively, and where
fol fiduy = fol fodpiz. The goal is to understand what additional assumptions of fi, fo guarantee
the existence of f € L' (u1 X po, [0, 1]?), such that

(3.4a) 0<f<g,g€LY0,1], 1 x po) is bounded and nonnegative;
1

(3.4) | Heduats) = 7o)
1

(3.4c) | e = )

for almost every z,y € [0, 1].

Lemma 3.1. The necessary and sufficient condition for the existence of such an f in (3.4)) is

(3.5) / fiduy < // gd(py x p2) +/ faduso for all measurable U,V C [0,1].
UxV ¢

Applying Lemma [3.1] to conditions [3.2] and [3.3] we obtain:

(3.6) /UQld,ur < //vagld(ﬂl X p2) + /V 1 — Q2dps,
(3.7) /Ul — Qudpn < //vagﬂl(ul X pi2) + /v Qadpa.

Simplifying the above, we obtain (2.5]).
3.2. Proof of Theorem [2.2l

Proof of Theorem [2.3. The proof for Theorem is similar to the proof for Theorem but
with the incentive compatibility requirements.
Step 1: Reduction to one function. By (i) and (ii) in Problem we have the equality
Q2(y fo @z, y)der =1 — fo q1(z,y)dx. Since q1 + g2 = 1, if we ﬁnd q1 : [0,1]% = [0, 1],
then qg > 1 — g;. Similarly, if we find ¢ : [0,1]2 + [0, go], then ¢; > 1 — go. Thus, to satisfy
Problem (iii), it is necessary and sufficient to find ¢; : [0,1]? = [0, g1] and g2 : [0,1]2 — [0, ga].
Take Qa2(y) = 1 — Qa2(1 — ). Clearly, Qo : [0,1] — [0,1] is bounded, measurable, and
nondecreasing. The condition fo Q1 + Q2) = 1 holds 1f and only if fo Q1 = fo Q. Thus,
to find ¢ : [0, ] [0, 1] that satisfies Problem [2.2] (iv), it is necessary and sufficient to ﬁnd
fH(x,y) : [0,1]% = [0, g1] with the following properties:

(3.8) /f (2, y)dy = Q1 = fMa /f (2,y)de = 1 — Qa1 —y) = f1(y)

for a.e. x,y € [0,1], and where f! is nondecreasing in each variable a.e. All that is known
about the functions f[, f3 : [0,1] + [0,1] is that they are nondecreasing and measurable with
fo fi= fo fa. Clearly, if such an f! exists, then q1(z,y) = f(x,1—y) and q2(z,y) = 1— f(z,1—y)
solves Problem and conversely, if Problem [2.2] . has a solution, then fl(z,y) = q(z,1 —y)
solves

Applying the same argument, finding the required ¢z : [0,1]> — [0, go] is the equivalent of
finding f2, such that

(3.9) /fzccydy—l—cml—x /f2xy = Qy= f)

for a.e. z,y € [0,1], and where f? is nondecreasmg in each variable.
Step 2: Derive ( . using Lemma Take f1, f2:[0,1] — [0,1], where fi, fo are mea-
surable and nondecreasing, and where fo f1 fol fo. The goal is to understand what additional
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assumptions of fi, fo guarantee the existence of f € L* ([O, 1]2), such that

(3.10a) 0< f<g,g¢cL'([0,1]) is bounded and nonnegative;
1

(3.10) | t@as = n
1

(3.10¢) | @iz = pw

(3.10d) f(z,y) is nondecreasing in both = and y, respectively,

for almost every z,y € [0, 1].
Lemma 3.2. The necessary and sufficient condition for the existence of such an f in (3.10)) is

(3.11) / fi< // g+ fa, for all measurable U,V C [0, 1].
U UxV Ve

By applying Lemma [3.2] to conditions and respectively, one obtains the following two
inequalities:

(3.12) / Q1 < // g1 —i—/ 1—Q2(1 —y) for all measurable U,V C [0, 1].
U UxV ve

(3.13) / 1-Q1(1—2) < // g2+ [ Q2 for all measurable U,V C [0,1].
U UxV ve

Simplifying the above, one obtains ([2.7)).

3.3. Proof of Corollary Since in this case g1(z,y) = g1(%), [[xy 91 = [U| [, 91. Let
s,t € [0,1]. When |U| = 1 — s is fixed, the left-hand side of is maximized at U = [s, 1];
meanwhile, the right-hand side of is [U] [, 91+ V| = [ye Q2(1—y). Since g1 is decreasing
and ()2 is increasing, when |V| = ¢, the right-hand side is minimized at V' = [1 — ¢,1]. Hence,
without loss generality, one can replace U with [s, 1] and V' with [1 —¢, 1] and then rewrite (3.12))
as

s t 1
(3.14) /OQ1+/O ngt—(l—s)/1 g1 for all s,t € [0,1].

—t

Similarly, since ga(x,y) = g2(x), [[;;.1 92 = [V] [i; 92. We fix |U| = s and |[V]| =1 —t. Since

Q1 is increasing, the left-hand side of is maximized when U = [1 — s,1]. Since g2 is

decreasing and ()5 is increasing, the right-hand side of is minimized at U = [1 — s, 1] and
V =[t,1]. Replacing U,V with [1 — s, 1] and [¢, 1], respectively, becomes

s t 1
(3.15) / Q1+/ QQZS—(I—t)/ g2 for all s,t € [0,1].
0 0 1-s
Condition ([2.9) follows by taking conditions (3.14)) and (3.15|) together. O

4. PROOF OoF LEMMA [3.1]

In this section, I prove Lemma First, I show the necessity of (3.5) in step I. Second, I
demonstrate the sufficiency of (3.5 for the discrete case in step II. Finally, I pass the discrete

result to the continuous functions in (3.5 in step III.

4.1. Step I. Proof of necessity. It is indeed easy to see that (3.5]) is necessary for the existence
of such an f in (3.4). Here, first, we take the arbitrary, measurable U,V C [0,1]. Denote
p = p1 X pg2. Then,

(4.1) | i & //Ux[o,” s I
(4.2) = //vang - //[0,1]><VC fdp ) //va gam+ /v fodiiz

where V¢ denotes the complement of V' in [0, 1]. O
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4.2. Step II. Proof of sufficiency for the discrete case. To understand why is suffi-
cient, I consider a discrete “version” of the problem here in step II. Later, in step III, I pass the
solution for the discrete problem to a limit in order to obtain .

For step II, we obtain the sufficiency condition for the existence of a matrix with given row
sums and column sums (marginals), which is dominated by another given matrix.

In what follows, I denote [n] = {1,...,n} for any positive integer n > 1.

Lemma 4.1. (Kellerer, |1961], Satz 3.1) Let the numbers p;,q;,tij, where (i,5) € [n] x [m], be
such that

(1) ti; >0 for all (i, j) € [n] x [m];

(2) Diem) Pi = X jem) U5

(3)

ZZHS Z tij + qu
icA (i,/)EAXB jeBe
for all (A, B) C [n] x [m], where 3", ,pi = 0 if A =0, and where B¢ = [n]\ B denotes
the complement in [m].
Then there exists a matm’x, {sij}(i,j)e[n]x[m]: such that 0 < s;; < ty, Zje[m} sij = pi, and
Zie[n] sij = q; for alli € [n],j € [m].

Remark 4.2. Note that Lemma (3) implies q; > 0 simply by taking A = 0 and B = {j},
and also that (2) — (3) implies p; > 0 by taking B¢ = and A = {i}.

Remark 4.3. In particular, ift;; = 1 for all (i,j) € Ax B, then condition (3) becomes ) ;4 pi <
|A||B| + >_jcpe 4j, where |A],|B| denote the cardinalities of A, B.

In fact, one can easily see that Lemma (3) is also a necessary condition for the existence of
the matrix {3”}?]721 The proof proceeds precisely in the same way as the proof in the continuous
case in step I. However, this proof is not needed for the purposes of this step.

Proof of Lemma[{.1 Proof of Lemma [4.1]is achieved by induction on n +m. First, consider the
base case where m + n = 2. If either n = 0 or m = 0, then by hypothesis (2), p; = ¢; = 0 for
all 4, j, and therefore, s;; = 0 for all 4, j solves the problem. If m = n = 1, then p; = ¢ by (2).
Since py = qp = 0, (3) requires p; <11 +0, ¢1 < t11+ 0. If this is satisfied, then s;1 =p1 = ¢1
is the solution.

Next, I briefly summarize the induction argument. I start by reducing the values of each ¢; ;
slightly, as long as the 2"*t™ linear inequalities in hypothesis (3) are not violated. Here, the
following two scenarios can occur.

Case 1. All t;; become zero. In this case, (3) implies that > ;. pi < 3 ;cpeq; for all
(A,B) € [n] x [m]. Choosing B = [m], A= [n], then 3, pi < 0. Since p; is nonnegative, then
pi =0 for all i € [n]. By > e, Pi = 2. je(m) 45> one obtains ¢; = 0 for all j € [m]. Thus, s;; =0
solves the problem.

Case 2. There exists (Y1,Y2) C [n] x [m] and (i, jo) € (Y1, Y2), such that t;,;, > 0 and

(4.3) dopi= D it Y a4
i€y (1,§)EY1 xYa JeYy

Without loss of generality, one can assume that Y7 = {1,...,n1},Ys = {my,...,m} for some
integers ny, m1, with 1 <n; <n and 1 < m; <m (see Figure [I| for an illustration).
Note that if the required s; ; exists, then

Z pi = Z Sij + Z Sij < Z Sij + Z Sij + Z Sij

iev; (4,7)EY1 X Yo (i,§) €Y1 X Y§ (4,§)EY1 X Yo (i,§) €Y1 X YS (i,§)EYEXYE

= Z Sij—i-ij'ﬁ Z tij—l-qu.

(4,4)EY1xY2 Jeyy (i,4)EY1xY2 JeYy
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m
Sij = tij
Yo Y1 x Y, Y x Y,
m1
Sij =0
YZC YI X Yzc ch X }/20

FIGURE 1. Sets Y7, Y[, Yo, Yy

Equality implies that Z(i,j)erxY; sij = 0and X oeyixy, Sij = 2o(i,j)evs xv, tij must hold.
Since 0 < s;; < t;;, one can conclude that s;; = 0 for (4,j) € Y x Y5 and that s;; = t;; for
(i, i ) ey xYs.

In order to find s;; on the rectangle Y7 x Yy (and Y xY?3), ideally, we would apply the induction
assumption to the smaller rectangles; however, the obstacle is that (2) and (3) might not hold
on Y; x Yy (notice that the complement of a subset A C Y; in Y differs from its complement
in [n]). To solve this issue, we must modify the numbers p;,g;,t;; in a certain way so that the
new numbers p/, qé, tgj will satisfy the induction assumption for these smaller rectangles. After
this modification, one can then “glue” all the solutions for the four different rectangles into one
solution on [n] x [m]. By doing so, we find that this solution satisfies the required conditions on
the entire domain [n] x [m].

Lemma 4.4. (Kellerer,|1961, Satz. 3.2) Suppose that (1), (2), (3) hold for {pi}i—y, {q;} Ty, {tij }i e i el
and that there exists Y1 X Ys, such that (-) holds. Now, consider the following real numbers

{pz =1’ {qg j=1> and {t }zj 17

(4.4a) g0 on (Y1, Y2) U (YT, YY)
Y Lij otherwise;
(4.4D) = pi — X, (i Z s
(4.4c) ¢ =4 — v (j) 'Ztij‘
Y1

Then (1), (2), (3) hold for {pi}f_y, {4;} ]y, {ti;}ij21 on Y1 x Y3 and on Yy x Y5,

Proof of Lemmal[{.4. (i) t; ; > 0 on [n] x [m] follows from the fact that ¢;; is nonnegative on
[n] x [m]. Therefore, (1) holds for .
(i1) The following equalities show that (2) holds for pj, ¢}, t;; on Y1 x Y5 and on Y x V5.

S S - Y 2y 2 S 4,

1€Y1 1€EY] Y1 XY JEYy JEYS
L =R
p; = Di = q; — i,j — q;-
i€y i€y JEY? Y1 Yo JEY?

(iii) First, take Ax B C Y1 xY5. By (3), 2240 < X axvoun) tis T ZYQC\B g;. By splitting the
domain A x (Y2U B) into the disjoint union (A x Y2) U (A x B) and by separating the summations
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m
0,0i — D v, tijs @5 — 2y, tij | tigrPis @5 — Dy, tij
Y, Y1 x Y5 Y xYs
mi
tijs Pi — Doy, tijs 4 0, pi, gj
Yzc Yl X Yzc ch X }/20
1 Y; ny Ye n

FI1GURE 2. Modifications

on the disjoint sets and rearranging them, one obtains the following;:

SRS SED T o
A AxY> AxB YS\B
Because 3 4 p; = >4 pi _ZAXYQ tij by )7 EY;\B q} = ZY;\B qj by ‘ ),and 34 p t;j -
> axnptij by (4.4p), the above is equivalent to

(4.5) DS Y tit ) 4
A

AxB YE\B

Next, take A x B C Y{ x Y. By (3), Xoauy, Pi < 2(auvi)xplis + ny U(Ys\B) 3j- Subtracting

equality (4.3]) from this inequality, one gets the following;:
IS SIEND SR SR MU 31
AUY; (AUY1)x B U(Y2\B) YixYa JEYS

Note that Y7 x Yo = (Y1 x B) U (Y1 x (Y2 \ B)) and that all the unions are disjoint. The above
inequality can be reduced to obtain the following:

i< tii+ > - Y.ty
A

AxB YQ\B le(YQ\B)

Because ) 4 p; = >_ 4 pi by )» ZYQ\B q;- = ZYQ\B qJ*Zle(YQ\B) tij by ‘ ),and > 4 5 t;j =
> axnptij by (4.4n), the above inequality can be written as follows:

(4.6) DS Yty )
A

AxB Y2\B
(4.5) and (4.6) are the same as Lemma (3) when the latter is restricted to the domains
Y1 x Y5 and Y© x Ya, respectively, for the new variables {p}} ,, {qj }J 1 {t i P je- O

Inductive step. Let m +n > 2. Here, I show that if the required {szj}lﬂjzn1 exists for m’ +n’ <
m + n, then the required {s;;};;"; also exists. Since |Yi| + [Y3| = m1 +n1 < m +n and
|YY| + |Ya| < m +n —mq — ng, then we can apply the induction hypothesis on the domain
Y1 x Y5 and Y{® x Ya. That is, there exists {s;;} on the sets Y7 x Y5 and Y}° x Y5, such that
0 < 45 <t forall (i,7) € (Y1 x Yy) and (i,5) € (Y x Y3), and

on (i,7) € Y1 x Yy : Z Sij = i = Di — Ztija ZS@‘:CJ}:%‘,

j€Y2C JEY2 €Y7

On(i,j)EYfXYQZ Zsij:p;:pi, Zsij:q;:qj—z:tij.

jeYs €Yy i€y
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Combining the above with the result that s;; = ¢;; on Y1 x Y3 and s;; = 0 on Y° x Y, one

finds that 0 < s;; < t;5, (4,7) € [n] X [m]; and also that
1€ Y7 Z51]—252]+ZSZJ—ZtZ]+p1_Ztij:pi;
[m] JEY2 JeYy JEY2 jEYs
ieYl: Z Sij = Zsij—i- Z sij = pi +0 = p;;
jelm] jeYs jevs
JEY: Zsijzzsij+ Zsz‘j: Ztij+Qj_ZtijZQJ
i€[n] i€EY] €Yy’ 1€Y1 i€EY]
jeYy: Zslj—Zslj—l—Zszj—qJ%—O—q]
i€[n] €YY €Yy’
Therefore, we see that s;; satisfies the required conditions for the entire set [n] x [m]. O

To summarize, thus far, we have completed the proof that a matrix {s;;} ¢ jjen]x[m) exists if
and only if {p;, g;,t;;} satisfies the hypothesis in Lemma

4.3. Step I11. Proving . using the discrete case. We denote the intervals R} = [%, %] ,Rg =
=1 H} and the rectangles RV = R} x R] for 1,7 € [n].
We take the functions f1, f2, g from (3.5)) and define the following numbers:

(4.7) ij ZZ/__gd(Hl X i), fi 1:/_f1d/i1, 3 :Z/Af2d,u2.
Ris Ri R}

Conditions (1), (2), and (3) in Lemma hold for the numbers f, fg, and g;;. Lemma (1)
holds because g;; > 0. Lemma (2) holds because

fi= / fldm:/ fldm:/ fodpuz = /.fzdm: 1.
; ; R 0.1 0.1 ;1 R ; ’

To verify Lemma (3), for any A, B C [n] x [n], let U = UjeaR}, VE = UjeBcR%, and let
UxV = U(i,j)eAxBRij- Then,

P _ J _
gfl—%j/ﬁfldul—/[]fldul, ;fg—;/}z%fzduz—/‘/cfgduz

and
Z gw—Z// gd(p1 X pg) = // d(p % p2).
(4,5)€(Ax B) AxB va
By (3.5)), (3) holds. Therefore, by Lemma there exists a matrix {F; j}?J 1, such that 0 <
F; ; <gzjf0rallz€AJ€B and Y ' | F; anZJ JFij= fl,VZ]E[]

Next I pass Fj; to the weak™ limit to ﬁnd the sufficient condition for (3.5)). Letting u = p1 X pa,
I define the following functions:

(48&) Fn(.%',y) - 'Zl M(Rj’]) ]lRij (x7y);
INES
(4.8b) Culay) = > M(ggf,j)nmu,y) — g(x.y);
o
(4.8¢) Z mfll (@) = file), @ € 0,1);
=1

(y) = fa(y),y € [0, 1].

(4.8d) Z

]1M2
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The convergence results in (4.8b)), (4.8c), and (4.8d]) are found by the Lebesgue differentiation
theorem (see, e.g., Benedetto & Czajal, 2010, Theorem 8.4.6). Next, I show that the weak* limit
of F, exists and that it satisfies (3.4]).

Lemma 4.5. There exists a subsequence {Fy, } of {Fy,}, such that F,, N for some F €
L! ([O, 12, 1 x ,ug), and the w*-limit F satisfies (3.4), i.e.,

(1) 0 < F(z,y) < g(z,y) ae.,
(2) foly) = f[oﬂ F(z,y)dui(x) a.e.,
(3) fi(@) = Jio1) F(@,y)dpa(y) a.e.

Proof of Lemma[{.5 By definition, 0 < F,(z,y) < Gup(x,y), and 0 < Gy(z,y) is bounded.
Without loss of generality, let 0 < G,,(z,y) < 1. Therefore, the sequence {F),(z,y)} belongs to a
unit ball of L°°([0,1]2, i), where [Fn(z,y) || oo (0,172, < 1 for all n > 1. By the Banach-Alaoglu

theorem, there exists a subsequence {Fy,, },k = 1,2, ..., such that
Py (z,y) % Flz,y), F € L2([0,1)2, ).

Next, we verify the properties (1) through (3).

(1) We know that on [0,1], 0 < F,,, < Gy, a.., and that G,, — g a.e., G, is bounded.
Taking any measurable set U C [0, 1]?, |U| > 0. The following must then hold:

/Fnkdug/Gnkd,u%/gd,u.
U U U

Let h = 1y € LY([0,1]2, ). For the sake of contradiction, assume F' > g + ¢ on U for
some € > 0. Therefore,

Fn U} F
lim Fnkd,u = lim F,, - hdp £ /

F-hdy = / Fdu.
k—o00 k—oo [0,1]2 [0,1]2 U

It would then follow that [,; Fdu < [, gdu. This contradicts F' > g + € on U.
(2) Let [ = ﬂ{f2(?7)*f[0,1] F(I,Q)dul(x)<0}(y)' Then, le Ll([o, 1]2,/L1). Since Fnk 11) F,
dn [ Fuleg) @)= [ Fe) - i)
—00 [0’1]2 [0’1]2
By Fubini’s theorem, since du = dpg X dpg, we can write the above as

(4.9)
Jim o (/{07” Fnk(w,y)dm(w)> U(y)dpa(y) = /[0’1] </{071}2 F(x,y)dm(ar)> A(y)dpa(y).

Moreover,
/ Fo, (x,y)du; () B / i _fig 1gii(x, y)dp (z) =
n I - T i, 5 =

01 0.1]; 5=, HEM) f

_ n n Fi ) —
2 Ji X oty

1=nq 1j=n1

- Z Z (R uz(RJ)ﬂR{(y)MRD B

i=ny j=n1

Nk L2 F
— Z ZZ:nlj iJ R{ - Z (y) = F”k( ).
j=ni /’LQ(RQ) j=n1 /’LQ
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Therefore, the left-hand-side of (4.9)) satisfies the following:

LHS = lim [ Fp) - U)dias) = [ lim ) Ho)dpa()
k—o0 [071] [0 1] k—oo

= f2(y) - Uy)dpa(y)

[0,1]

since the limit can be taken inside of the integration by the Lebesgue dominated conver-
gence theorem. By linearity of integration, (4.9) implies

/ (fz(y)— / F (-’If,y)dm(rv)) “1(y)dpz(y) = 0.
(0,1] [0,1]

Hence, I(y) = 0 on [0, 1], and thus, fa(y f[o 1 (z,y)dui(z) > 0 a.e. Now, we let [ =
Ly f[o | F(z.9) dm(:v)>0}( ) and repeat the same process From this work, we conclude

that fo(y f[o 1 (z,y)dpi(x) <0 a.e. Therefore, fo(y f[o 1 (z,y)dpi(x) a
(3) The proof is the same as in (2), with z,y reversed, and Wlth fo replaced by f1.

5. PROOF oF LEMMA [3.2]

The proof for Lemma[3.2] uses several modifications of the proof for Lemma[3.I]to accommodate
the incentive compatibility.

5.1. Step 1. Sufficiency of The proof for sufficiency is the same as that in the proof of
Lemma [3:1] with u1 = pa = A, the Lebesgue measure.

5.2. Step II. Discrete case. For step II, we obtain the sufficiency condition for the existence
of a matrix with given increasing row sums and column sums (marginals), which is dominated by
another given matrix. Additionally, the entries of the desired matrix must increase monotonically
with the row and column indexes, respectively. That is, for the matrix A = [ai,j]?:j:h we must
have a;; < az, for all 1 < j <k <nfor any i =1,...,n, and a;; < ag; for all 1 <7 < k < n for
any j=1,...,n

Lemma gives us the condition for the existence of a dominated matrix for given marginals.
When the marginals are both increasing, the following lemma shows that there exists a matrix
that satisfies the required monotonicity property.

Lemma 5.1. (Gutmann et al|, 1991, Theorem 6) Let {s;;j};2} be an n x m matriz with 0 <
sij < tij, having nondecreasing row sums and column sums. In other words,

m n

(5.1) pi = Zsij,i €ln] and g = Zsij,j € [m]

=1 i=1

satisfy pi < pip1, 1 € [n—1], and ¢; < qjy1, © € [m —1]. In this case, there exists another n x m
matric {11}1]}?]21 with 0 < ;5 < ti5, such that

(5.2a) pizzwz’j,ie [n]; %ZZ%’;‘JE [m
j=1 i=1
(5.2b) Vij < Yir1 and i < P for all (4, 7) € [n — 1] x [m —1].
Proof. For this proof, I adapt Theorem 6 from |Gutmann et al.| (1991). Let {1/1”}?;”1 be the

unique 7 x m matrix with 0 < 4);; <1, which satisfies ), such that }-; o cpxm] (i 7)? is as
small as possible. It is sufficient to show that {¢;;};j"; satisfies (5.2p)

Then, suppose instead that for some (i,7) € [n — 1] x [m — 1]:
(5.3) 0 < Yig1,j < ij < tij.
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Since Z;n:l Vij =Di < Pit1 = Z;”Zl Yit1,j, there exists 1 < k < m, for which
(5.4) 0 < Yix < Yig1k < tig1k

By the inequalities in (5.3)) and (5.4)), ¥;+1,; and 1;;, cannot be t;; and t;41 x, while ¢;; and ;41
cannot be 0. Therefore, for a small enough € > 0, one can increase ¥;11,; and 1, by €, and one
can decrease 1;; and ;11 by e

Yij 4 e YT
Vi1 T o Yiprk
We then arrive at a new matrix, {ng }?;Zl with 0 < ng < t;; with the same row and column

sums; however, 3=, o i m) (Vi)* = 20y efmlxpm) (Wis)® = 2(Wit1,j —ij + ik — i1 p) +4€* <0,
which contradicts the minimality of Z:Lfil(i/)zj)z O

To summarize, by using Lemmasand we completed the proof that a matrix {Si,j}(i,j)e[n] x[m]
whose column entries and row entries both increase exists if and only if {p;, ¢;,t;;} satisfies the
hypothesis in Lemma, as well as the additional condition that p;, ¢; is nondecreasing.

5.3. Step III. Proving using the discrete case. The proof of is almost the same
as that for (3.5) with a few modifications. First, we take u; = ps = A, the Lebesgue measure.
When defining the numbers g;;, f1, fg , we take the functions f, fo, g from instead of from
(3.5). Thus f2, fg are increasing since f1, fo are increasing.

Conditions (1), (2), and (3) in Lemma hold for the numbers f, fg , and g;; by the same
argument as that in the previous subsection. By Lemma without loss of generality, one can
assume that F; ; will increase in both ¢ and j since 12 fg are increasing.

By Lemma the weak™ limit of F, exists, and it satisfies (1) (2) (3). Furthermore,
as f1 = fol F increases in x and fy = fol F' increases in y, it is clear that F' must increase in both
x,y independently. |§|
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